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Today

• Introduction to the course series and topics

• Basics of porous media: 
• Properties, concepts, basic conservation laws and constitutive laws 

• Coffee break

• Coupled flow and deformation

• Numerical methods



Online course format

• We have more than 130 people signed up from around the world: 
Thank you all for your interest – and remember to be considerate!

• Each instructor is free to use online collaboration tools as they best 
see fit, so be prepared for some variation. 

• The setup of the zoom conference may change at some point, but 
Eirik Keilegavlen will send out information ahead of time. 

• Lectures will be recorded for archival purposes only, and will not be 
posted online or distributed. This is in recognition of the diverse 
privacy laws in the various countries y’all, and our lack of knowledge 
of the nuances. 



A platform for feedback:

• On your mobile phone or in a browser window: 
• Go to vevox.app (no registration or download required)

• Enter meeting with code: 174-076-596

• Come back to zoom (please)



What country are you in?

Join: vevox.app ID: 174-076-596 Enter Text 
and Press 

Send

30



What is your current position 
(student, researcher, professor, etc.)?

Join: vevox.app ID: 174-076-596 Enter Text 
and Press 

Send

20



Short Course Series: Mathematics of Porous Media

• A series of independent short courses. 

• Each course spans 3 weeks, with 2 hours of lectures each Friday. 

• For local students in Bergen: If you wish to get credits for the courses, 
we can administer a «special topics» exam in the spring. Let us know.

• Minor updates to the course will be posted to the course webpage: 

https://pmcourse.w.uib.no

• Important information (only) will be distributed by e-mail. 

https://pmcourse.w.uib.no/


Fall schedule 

• Rainer Helmig (Stuttgart/Bergen) 
Porous media-free flow coupling

• Sorin Pop (Hasselt/Bergen) 
Homogenization for porous media



Spring schedule



Quick thanks
• Eirik Keilegavlen in particular for keeping track of all the practicalities. 

• Projects (and internal funding) sponsoring the adjoint positions of the 
speakers. 

• All of you for showing your interest. 

• The PMG group: 

Florin Radu Eirik Keilegavlen (+ Jakub Both)

Me Inga Berre Kundan Kumar



Fundamental concepts in 
porous media

Nordbotten, J. M. and M. A. Celia (2011), Geological Storage of CO2: 
Modeling Approaches for Large-Scale Simulation, John Wiley and Sons, Ltd, 
256 pp, ISBN: 9780470889466.



Porous materials

• Solids with a fraction of «subscale» void space – the porosity 𝜙. 

• A: Consolidated or cemented granular media
• Spere packings

• Geological rocks such as sandstone

• Industrial materials such as concrete

• B: Fibrous or other complex media
• Biological tissues such as e.g. wood or flesh

• Industrial materials such as fabric

Hodneland et al (2020, PLOS Comp Bio); Numerical Rocks A/S



Permeable materials

• Porous materials with a connected void space. 

• For «simple» porous materials (e.g. many of type A), the connected 
void space allows for fluid flow proportional to an energy gradient 
according to Darcy’s law: 

• This expression is in hydrology often written as:

• We refer to 𝒌 as the permeability (and 𝒌 as the hydraulic conductivity).

• The flux has units volume/area/time – and is not a velocity!

Sorin Pop will likely elaborate on a definition of “simple” 



Visualization of Darcy’s experiment



Examples

• Where would you place:
• Wood?

• Muscles? 

• White matter?

• Bone? 

• Gore-Tex?

• Coral reefs?

Adapted from “Groundwater” by Freeze and Cherry



Conservation laws
• General statement:

• When all quantities are well defined «sufficiently smooth», this 
integral relation can be simplified to a differential equation: 

Inga Berre will discuss cases where quantities are not “sufficiently smooth”. 



Single fluid in a rigid porous medium

• Mass density is given by 𝓂 = 𝜌𝜙, and the mass flux by Darcy’s law 
 𝒻 = 𝜌𝑞 thus:

• Additionally, some constitutive law for the fluid must be specified: 
𝜌 = 𝜌 𝑝

• These are the simplest model equations for flow in porous media.

• In the nearly incompressible limit, they simplify to the heat equation.

Solving these equations is the building block for constructing fast solvers, as Xiaozhe Hu will discuss.



Some comments about the permeability

• Engineer: The permeability must be positive definite, otherwise the 
flow goes from low pressure to high pressure – clearly unphysical. 

• Physicist: The permeability must be positive definite, as implied by 
the entropy inequality. 

• Mathematician: The permeability must be positive definite, otherwise 
the equations are not well-posed.

• Additionally: In an Eularian frame of reference, the permeability is 
also symmetric (a variant of Onsager’s principle). 



Transport in porous media

• Transport of contaminants/nutrients/oxygen/etc. within a phase is of 
importance in many applications. 

• Then mass conservation must hold for any component, i.e. 

• And thus

• Note that the fluid flux 𝒖 is identical for all components. On the other 
hand, the diffusion and dispersion 𝒋𝑖, may be component-specific.  

Sorin will discuss reactive transport in detail.



Multi-phase flows

I would love to talk about this... 

... but it looks like none of the short courses 
actually build on multi-phase flow this season, so 
in the interest of time, we will move on. 



Porous media equations have «all» 
mathematical characteristics
• Parabolic equation (single phase nearly incompressible):

c
𝜕𝑝

𝜕𝑡
− ∇ ⋅ 𝒌∇𝑝 = 0

• Elliptic equation (incompressible single-phase):
∇ ⋅ 𝒌∇𝑝 = 0

• Hyperbolic equation (large-scale incompressible multicomponent):

c
𝜕𝑚𝑖

𝜕𝑡
+ ∇ ⋅ 𝒖𝑚𝑖 = 0

• Thus theory of well-posendess etc. for mathematical models of 
porous media build on many disciplines of PDE theory. 



How familiar are you with poromechanics?

Join: vevox.app ID: 174-076-596 POLL OPEN

1. I learned this in kindergarden.
4.84%

2. I have written a couple papers on the topic, not much, really...
20.97%

3. I used to be an expert, but then I forgot everything!
4.84%

4. I have heard a bit about the topic, but never studied it too seriously.
48.39%

5. Consider me blank.
20.97%



What is your relationship to numerical methods?

Join: vevox.app ID: 174-076-596 POLL OPEN

1. They are a trivial corollary of good numerical analysis.
27.69%

2. Nothing makes me more excited than checking for new commits on github!
29.23%

3. They are the beast living in the depths of my favorite numerical simulator.
33.85%

4. Huh? Numerical methods?
9.23%



Coffee Break

After the break:

• Coupled flow and solid deformation 

• Some words on numerical methods

Feel free to post questions/comments/etc. in the chat!



Coupled flow and 
mechanics

See e.g.: 
Coussy, O. (2004). Poromechanics. John Wiley & Sons.



Motivation

• Geological applications: 
• Large scale deformation (compaction), faulting, earthquakes
• Near well deformation and fracture dynamics

• Biological applications:
• Most tissues are soft

• Industrial applications: 
• Near-surface structures (building support, dams, etc.)
• Materials design

• Key nuance: Flow in porous media with a bit of mechanics, or solid 
mechanics with a bit of fluid?

• Also: Coupling from porous domains to free-flow (fluid mechanics)

Rainer Helmig will elaborate on the last bullet point next week



Balance of forces

• An equilibrium statement of the conservation of momentum, i.e. the 
«flux» is the stress tensor (force per area)  𝓯 = 𝜎 and we neglect 
change in momentum 𝓂 = 0:

𝛻 ⋅ 𝜎 = 𝒈𝜎

• Most easily understood (as all things) on integral form: 

 
𝜕𝜔

𝑡𝒏 𝑑𝑆 =  
𝜔

𝒈𝜎 𝑑𝑉

• Here 𝑡𝒏 = 𝜎 ⋅ 𝒏 is the traction on a surface element with (outer) 
normal vector 𝒏.

Wikipedia: https://commons.wikimedia.org/wiki/File:Components_stress_tensor_cartesian.svg



Strain





Ideal gases, fluids, solids and porous solids

• A gas is a material where the stress is isotropic, and does not depend on rates or 
shear (ideal gas): 

𝜎 = 𝜎 det 𝜀 = −𝑝𝐼

• A fluid is a material where the stress does not depend on the shear, but may 
depend on shear rates (linear: Newtonian fluids):

𝜎 = 𝜎  𝜀, det 𝜀 = 𝜇  𝜀 − 𝑝𝐼

• A solid is a material where the stress does not depend on rates (linear: Hooke): 
𝜎 = 𝜎 𝜀 = ℂ ∶ 𝜀

• A porous solid is a solid material with an additional fluid pressure (linear: Biot):
𝜎 = 𝜎 𝜀, 𝑝 = ℂ ∶ 𝜀 − 𝛼𝑝

Disclaimer 1: More nuanced and discerning definitions can be made in a longer lecture!
Disclaimer 2: It is much more natural to consider the determinant of the deformation tensor than the strain.



Small deformations

• Logically, all solid mechanics (including poromechancis) should be stated in 
a Lagrangian coordinate system. I.e., we describe the current state based 
on an initial (or unstressed) state. 
• This has the advantage that the material geometry and heterogeneities are 

«stationary» in our coordinate system. 
• This is also consistent with Darcy’s law, which is fluid flow relative to the solid. 

• However, the simple statement of balance of forces is based on an Eularian 
coordinate system. In a Lagrangian coordinate system, the balance of 
forces must account for the deformation gradient.

• All of these nuances can be neglected if we are only interested in small 
deformations. 

• But: Always remember that permeability doesn’t move, and that Darcy’s 
law should not have a solid velocity in it!



Isotropic case: Lamé parameters

• When a material response is both linear and isotropic (the material 
propreties are rotationally invariant), then one can show that the 81 stress-
strain coefficients in ℂ can be represented by only two: 

ℂ ∶ 𝜀 = 𝜇𝜀 + 𝜆 tr 𝜀 𝐼

• This is the solid mechanics equivalent of replacing the permeability tensor 
with a scalar. 

• In other words: It makes your life easier, is might be (?) a good 
approximation for concrete and Berea sandstone, but it is probably not 
realistic for most geological rocks or biological tissues. 

• Similar comments apply to the Biot coupling coefficient 𝛼, which is almost 
always taken to be an isotropic scalar. 



The impact of deformation on mass 
conservation
• Recall the equation for conservation of mass:

• What is porosity? Since the natural context of mechanics is Lagrangian 
coordinates, porosity is «physical volume of void space per volume in 
reference coordinates». Thus:

𝜙 = 𝜙 𝜀

• This is often linearized (small deformations!) to 
𝜙 = 𝐼 + 𝛼 ∶ 𝜀 𝜙0

• By the symmetry of the universe, one can show that this 𝛼 is (essentially) 
the same Biot coefficient tensor as in the constitutive law for stress.



A simple poromechanical model
• Conservation of fluid mass:

• Balance of forces: 
𝛻 ⋅ 𝜎 = 𝒈𝜎

• Constitutive law for fluid flux (Darcy):

• Constitutive law for stress (Biot):
𝜎 = 𝜎 𝜀, 𝑝 = ℂ ∶ 𝜀 − 𝛼𝑝

• Constitutive law for fluid density:
𝜌 = 𝜌 𝑝

• Linearized constitutive law for porosity: 
𝜙 = 𝐼 + 𝛼 ∶ 𝜀 𝜙0

• Infinitessimal strain:
𝜀 = 𝛻𝒖 + 𝛻𝒖 𝑇



A simpler(?) model

• Mechanics:
𝛻 ⋅ 𝜇𝜀 𝒖 + 𝜆 𝛻 ⋅ 𝑢 𝐼 − 𝛼𝑝𝐼 = 𝒈𝜎

• Flow: 
𝜕

𝜕𝑡
𝑐𝑝 + 𝛼 𝛻 ⋅ 𝒖 − 𝛻 ⋅ 𝑘𝛻𝑝 = 𝜓

• Sometimes «simpler» models get you into trouble, so make a habit of 
always knowing where the model comes from, and what 
simplifications were made to get there. 

Disclaimer 3: As a true mathematician, I slightly altered the definition of the coefficients away from their physical meaning.



Boundary conditions

• For the flow, either Dirichlet (pressure) or Neumann (flux) are natural 
and normal in applications. Variational inequalities are possible, but 
rare (evaporation is an example)

• For the mechanics, either Dirichlet (clamp/glue), Neumann 
(prescribed force), a mixture (such as rolling), and even variational 
inequalities (contact mechanics, static/dynamic friction) are normal. 

• Note that for some combinations of boundary equations, the 
mechanics equations naturally do not have a (unique) solution.

Rainer Helmig will discuss this a lot!



Summary of poromechanics

• When in doubt, think in Lagrangian coordinates!

• If still in doubt, remember that the linearization introduces many 
apparent paradoxes, which disappear for finite strain. 

• If still in doubt, read Coussy. 

• If still in doubt, read Marsden and Hughes. 

• And then you’ll be fine. 



Some words about 
numerical methods



The right tool for the right problem

• A numerical method by definition provides an approximation to the 
problem, and thus introduces an error. 

• Magne Espedal would refer to complex problems as «animals». 

• George Orwell, in his «Animal Farm», made this observation: 

• This is to say, a mathematician may think that all errors are equal if 
they are quantified, but an engineer will know that the qualitative 
aspect of the error is of equal or greater importance. 

All animals are equal, 
but some animals are more equal than others.



Key considerations

• Is the problem regular enough (smooth coefficients) to justify high 
order methods? 

• Will the non-linearities treat some types of errors badly?
• Phase equilibrium partitions do not appreciate negative mass.

• Non-linearities may amplify oscillations.

• Are some properties of the solution important to your boss?
• You do not want oil/pollution/CO2 to vanish into thin air. 

• The total energy in the system may be important for mechanical applications.

• Can you compensate for some weakness by computational speed?
• Symmetric discretizations save memory and allow for faster solvers.



You cannot have it all

• There is no conservative and monotone high-order numerical method for hyperbolic 
conservation laws (Godunov;  Harten, Hyman, Lax). 

• There is no local, conservative, linear and monotone convergent numerical method for 
elliptic conservation laws for general polyhedral grids (N., Aavatsmark, Eigestad)

• There is no local, conservative, linear and symmetric convergent numerical method for 
elliptic conservation laws for general polyhedral grids(Eymard, Gallouet, Herbin)

• There is no low-order (mixed)-finite element method for elasticity which has explicit 
momentum balance and strong symmetry of the stress tensor (Arnold, Winther). 

• The lowest-order finite element approximation of Biot is not stable for small time steps.

• Low order numerical methods for hyperbolic conservation laws with explicit time steps 
are not stable for large time steps. 

• Low order discretizations of Biot+transport may not be stable for any time-steps.

• ... and so on



Solvers – eternal questions

• Monolithic or sequential methods
• Monolithic is more stable and theoretically superior.

• Sequential allows for more «plug and play».

• Do you precondition the linear or non-linear problem?
• Non-linear preconditioning holds the promise of automatic adaptivity of 

computational cost. 

• Linear preconditioning is much easier to make work in practice. 

• A posteriori error control, adaptive meshes, and stopping criteria:
• Yes, please, but making all of this work together in a robust package is a non-

trivial excercise. 

Fun fact: Marie Rognes won a prize for writing software for automatic a posteriori error control



Common compromises 

• Low-order conservative methods for mass conservation and Darcy.
• Sometimes even 0-th order methods!

• Low-order method for time discretization (backward Euler/implicit).

• Low-order methods for transport (upwind/explicit).

• Finite elements for mechanics.

• Various ad hoc couplings between flow and mechanics.

• Various ad hoc regularizations of non-linearities. 

• Neglecting material anisotropy in constitutive laws. 

• Accepting time-step constraints and unstable performance of the non-
linear solvers. 

I’m not claiming that the above list is either recommended or universal. 



For those who just want to get started

• You learn a lot from coding yourself, but perhaps you get further by 
standing on the shoulders of hard-working colleagues. 

• Like these people do: 
• Helmig: Bells-and-whistles porous media (++) code – DuMux 

• Rognes: General-purpose finite element code – FEniCS

• Berre: All fractures, flow, heat, and deformation – porepy

• Hu: Fast sovlers for just about everything – HAZmath

• And so on... 



Thanks for your attention – and I hope you 
feel warmed up for Rainer Helmig next week!



Any questions? 


